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We have observed nonlinear transduction of the thermomechanical motion of a nanomechanical
resonator when detected as laser transmission through a sideband unresolved optomechanical cavity.
Nonlinear detection mechanisms are of considerable interest as special cases allow for quantum
nondemolition measurements of the mechanical resonator’s energy. We investigate the origin of
the nonlinearity in the optomechanical detection apparatus and derive a theoretical framework for
the nonlinear signal transduction, and the optical spring effect, from both nonlinearities in the
optical transfer function and second order optomechanical coupling. By measuring the dependence
of the linear and nonlinear signal transduction – as well as the mechanical frequency shift – on
laser detuning from optical resonance, we provide estimates of the contributions from the linear and
quadratic optomechanical couplings.
Cavity optomechanics has resulted in new levels of
extremely precise displacement transduction [1, 2] of
ultrahigh frequency resonators [3]. This has created
much interest in pursuing quantum measurements [4] of
nanomechancial devices [5–7], as well as dynamical back
action cooling [8–11].
One of the most fundamental, and as of yet unattained,
quantum measurements that could be performed is that
of the quantized energy eigenstates of a nanomechani-
cal resonator (as has been demonstrated with an elec-
tron in a cyclotron orbit [12]). To achieve this, one can-
not measure the displacement of the resonator [13], but
instead must measure the energy directly – preferably
without destroying the quantum state, a so-called quan-
tum non-demolition (QND) measurement. Whereas the
accuracy in continuously measuring two conjugate quan-
tities is limited by the Heisenberg uncertainty principle
to the standard quantum limit (SQL) [13], QND mea-
surements allow for continuous measurements of an ob-
servable to be taken to arbitrary precision [14–17]. Here
our interest lies in a QND measurement of the energy,
and thereby the number of phonons [18]. In an optome-
chanical system, this is expected to be possible by hav-
ing strong second order optomechanical coupling [19–22].
This has been demonstrated in membrane-in-the-middle
Fabry-Pe´rot cavities [23, 24], however it has been pointed
out there remains first order coupling between the two
optical modes, possibly obscuring QND measurements
[25].
Signal from second order optomechanical coupling,
hence measurement of x2, will display mechanical peaks
at twice the fundamental frequency. However, we would
also expect that nonlinear transduction of the displace-
ment, x, of a mechanical resonator from a nonlinear op-
tical transfer function would also appear at harmonics of
the mechanical resonance frequency, as has been observed
[26–28].
In this Letter we report observation of peaks in the me-
chanical power spectra at exactly twice the fundamental
mechanical frequency, as shown in Fig. 1. We derive a
model for the origin of the harmonic signal, as well as
the optical spring effect, from both linear and quadratic
optomechanical couplings as a function of laser detuning
from the cavity resonance. We are thus able to deter-
mine the coupling contributions to the nonlinear optical
transfer function and find second order optomechanical
coupling of ∼MHz/nm2, comparable to the membrane-
in-the-middle system [19]. We also demonstrate the role
of second order optomechanical coupling in our signals,
providing a framework for enhancing this effect. Maxi-
mizing second order optomechanical coupling while elimi-
nating first order coupling should provide a route to QND
measurements at low temperatures.
The optomechanical cavity being measured is a
nanocantilever with effective mass m = 240 fg, as de-
scribed elsewhere [29], fabricated on-chip, in the evanes-
cent field of an optical microdisk. The Hamiltonian for
independent optical and mechanical cavities can be writ-
ten Hˆ = Hˆopt + Hˆm, where Hˆopt = h¯ω0
(
aˆ†aˆ+ 1/2
)
and
Hˆm = h¯Ω0
(
bˆ†bˆ+ 1/2
)
are the Hamiltonians of the op-
tical and mechanical resonators. Here we denote ω0 and
Ω0 as the optical and mechanical cavity resonance fre-
quencies, and aˆ† (bˆ†) and aˆ (bˆ) are the creation and anni-
hilation operators for photons (phonons). We note that
since we will be extending our discussion to the classical
regime where the number of quanta in the resonator is
large, we will ignore the ground state contribution to the
resonators’ energies.
Being within the optical mode volume, the mechanical
resonator’s motion is coupled to the optical cavity reso-
nance frequency through shifts in the effective index of
refraction. This can be described to second order as
ω0 → ω0 −G1xˆ−G2xˆ2, (1)
where G1 = −∂ω0/∂x and G2 = −(1/2)∂2ω0/∂x2 are
the first and second order optomechanical coupling con-
stants. Therefore
Hˆint = −h¯
(
G1xˆ+G2xˆ
2
)
aˆ†aˆ (2)
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FIG. 1. (a) The low frequency transmission (< 1 kHz)
through the optical cavity reveals the optical resonance as a
tunable laser is scanned over the optical resonance frequency.
(b) A schematic of the experiment above a tilted scanning
electron microscope (SEM) image of the optomechanical de-
vice being measured. PM - power meter, WM - wavelength
meter, ADC - low frequency analog-to-digital converter. PD -
photodetector, FPC - fiber polarization controller. Scale bar 5
µm. Normalized transmission power spectral densities around
(c) 1Ω and (d) 2Ω. Frequency doubling indicates nonlinear
transduction. Log-scaled color bar spans from the minimum
noise floor (100 in both) up to (c) 105.4 and (d) 101.
is the interaction Hamiltonian to second order. For a de-
vice with symmetric out-of-plane motion in a symmetric
evanescent optical field one anticipates second order op-
tomechanical coupling, with first order coupling arising
from asymmetries in the motion or optical field [29].
We measure the optical transmission through a tapered
optical fiber coupled to the optical resonator, Fig. 1b, in
the “tuned-to-slope” regime. As such, the classical field
in an optical cavity, a = 〈aˆ〉, coupled to one input waveg-
uide carrying field
√
s e−iωt and one output waveguide
carrying away field z, when written in a frame rotating
at the source frequency ω, can be modeled as
a˙ = −κa+ i∆a+√2κes , (3)
where a is normalized such that a∗a = 〈nˆ〉 = n is the
number of photons in the cavity, κ = κ0 + κe describes
the total loss rate from the optical resonator both to the
output waveguide (κe) and elsewhere (κ0) [30], ∆ = ω −
ω0 is the detuning of the source laser frequency (ω) from
the cavity frequency (ω0), and s is the incoming power
in photons per second. Note that we define κ as the half
width at half max of the optical power resonance, such
that the cavity rings down as e−2κt.
We restrict our analysis to the sideband unresolved
regime where κ  Ω0 (for the device presented here
κ/Ω0 ≈ 103), hence the optical fields in the cavity
reach steady state in a characteristic time τopt = pi/κ
much faster than the time scale of the mechanical mo-
tion (τm = 2pi/Ω0). A steady state solution to (3) can be
found by setting a˙ = 0:
a =
√
2κes
κ− i∆ , (4)
giving the number of cavity photons, n = a∗a, as
n =
2κes
κ2
1
1 + δ2
. (5)
Here we have introduced δ = ∆/κ, the normalized laser
detuning from the cavity resonance in units of κ.
Taylor expanding the Lorentzian detuning dependence
of n, c0(δ) = (1+δ
2)−1, for small perturbations u around
δ, we find
c0(δ + u) =
1
1 + (δ + u)2
(6)
c0(δ + u) = c0(δ) + c1(δ)u+ c2(δ)u
2 +O(u3) (7)
where ci are dimensionless functions of detuning. These
are given by
c0(δ) =
1
1 + δ2
(8)
c1(δ) = − 2δ
(1 + δ2)2
(9)
c2(δ) =
3δ2 − 1
(1 + δ2)3
(10)
ci(δ) =
1
i!
di
dδi
c0(δ), (11)
plotted in Fig. 2a, such that
n(δ + u) ≈ nmax[c0(δ) + c1(δ)u+ c2(δ)u2], (12)
where nmax = 2κes/κ
2. Explicitly substituting the cou-
pling of the mechanical motion to the cavity detuning, as
given by (1),
δ → δ + G1
κ
x+
G2
κ
x2, (13)
and G1x/κ+G2x
2/κ as u (keeping terms to second order
in x) we find
n ≈ 2κes
κ2
[
c0 + c1
G1
κ
x+
(
c1
G2
κ
+ c2
G21
κ2
)
x2
]
, (14)
remembering ci are implicit functions of detuning.
Using power conservation, the transmitted field
through the optomechanical cavity is
z =
√
s −√2κea. (15)
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FIG. 2. (a) The ci coefficients are unitless, normalized func-
tions which describe the detuning dependence of the various
optomechanical parameters. By comparing the observed de-
tuning dependence of mechanical spectra with the shape of
these ci’s, the origin of the effects can be determined. (b)
Nonlinear effects due to large optical power in the resonances
create asymmetries in the detuning dependence. By adding
an additional power dependent detuning these nonlinear ef-
fects can be accurately modeled [31], as described in the text.
Substituting in (4) for a, the power Z = |z|2 detectable
at a photodetector is then
Z = |z|2 = s− 4κeκ0s
κ2
c0(δ). (16)
Using (7),
Z ≈ s− 4κeκ0s
κ2
[
c0 + c1
G1
κ
x+
(
c1
G2
κ
+ c2
G21
κ2
)
x2
]
.
(17)
Equation (17) is the time-series representation of the
optical transfer function up to order x2, with three parts:
one DC, one oscillating at 1Ω, and one oscillating at 2Ω.
This can be seen by noting the DC dependence is simply
ZDC = s− 4κeκ0s
κ2
c0. (18)
This describes the optical resonance as a function of de-
tuning, as seen in Fig. 1a. Fourier transforming equation
(17) to linear x and neglecting DC components we find
Z1Ω(Ω) = −4sκeκ0
κ2
G1
κ
c1x(Ω), (19)
such that −4sκeκ0G1c1/κ3 is the linear, time-invariant
part of the optical transfer function. Equation (19) de-
scribes a typical optomechanical transduction of mechan-
ical signal, as seen in Fig. 1c.
The remaining nonlinear terms arise from the x2 de-
pendence:
Z2Ω(t) = −4κeκ0s
κ2
(
c1
G2
κ
+ c2
G21
κ2
)
x2(t). (20)
Examining x(t) while taking Γ → 0 demonstrates the
quadratic nature of the spectra; x2(t) ≈ x0 cos2 Ωt =
x0/2 (1 + cos 2Ωt), mixing the x
2 signal to Ω + Ω and
Ω − Ω (DC). Here we neglect the DC signal from the
nonlinear transduction, as it will be much smaller than
the DC signal from the optical resonance. These three
parts of the optomechanical transduction will be fit to the
experimental data to determine the linear and nonlinear
optomechanical couplings, G1 and G2.
While the optical cavity is interacting with the mo-
tion of the mechanical resonator, radiation pressure
forces provide back action on the resonator’s momentum.
These forces can be found classically from the interaction
Hamiltonian,
F = − ∂
∂x
Hint = h¯G1n+ 2h¯G2nx. (21)
Substituting in our perturbation for n from (14) and
putting these forces into the equations of motion for a
thermally driven damped harmonic oscillator and retain-
ing only force components up to linear in x, we find
mx¨+mΓx˙+mΩ20x = Fth + h¯nmaxG1c0
+
2h¯κes
κ
(
G21
κ2
c1 + 2
G2
κ
c0
)
x, (22)
where Γ is the mechanical damping rate and Fth rep-
resents uncorrelated thermal forces actuating the res-
onator. Collecting terms proportional to x, we see the
radiation pressure forces shift the effective oscillating fre-
quency of the resonator, Ωeff :
mΩ2eff = mΩ
2
0 −
2h¯κes
κ
(
G21
κ2
c1 + 2
G2
κ
c0
)
, (23)
or
Ωeff − Ω0 ' − h¯κes
mΩ0κ
(
G21
κ2
c1 + 2
G2
κ
c0
)
. (24)
Importantly, this optomechanical spring effect has depen-
dence on both G1 and G2 – similar to the optomechanical
transduction – yet has different dependence on detuning,
δ, providing a complementary determination of G1 and
G2 (Fig. 1c and Fig. 3d).
The displacement transduction and optical spring
equations given so far have detuning dependence derived
from the ci functions defined above (8)-(11), which have
symmetric (c0, c2) or antisymmetric (c1) dependence on
laser detuning. However, the observed detuning depen-
dancies (Fig. 1a, c, d) are stretched towards negative de-
tuning as compared with ci. This effect can be described
by a nonlinearity in the optical resonance whereby the
cavity resonance frequency depends on the number of
circulating photons [31]. This can arise from the optical
Kerr effect, or from heating of the microdisk resonator
causing changes in the index of refraction. Following the
work of Barclay et al. [31], only one additional parame-
ter is needed to account for this, δnl, which is a power
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FIG. 3. Quantitative signals extracted from Fig. 1a, c and d,
with respect to laser detuning, δ: (a) DC optical resonance,
(b) 1Ω signal, (c) 2Ω signal, and (d) optical spring effect.
Blue points in (b and c) are found by summing across the
mechanical bandwidth. Grey curves are simultaneous least
squares fits to all four signals as explained in the text.
dependent shift to the detuning. This can be described
mathematically as
n =
2κes
κ2
1
1 + (δ + δnln)
2 , (25)
which can be numerically solved at each detuning for n.
This shift in resonance frequency, δnln, is added to the
laser detuning to compensate for the asymmetric shifts in
resonance frequency. In Fig. 2b we show example ci(δ +
δnlci) functions.
To collect data, 1590 nm light from a tunable diode
laser is transmitted through the optomechanical cavity,
coupled via a tapered-dimpled fiber [32, 33] touching the
microdisk, and collected on a photodetector. The volt-
age output of the photodetector was simultaneously mea-
sured with a low frequency analog-to-digital converter
and a 50 MHz digital lock-in amplifier performing het-
erodyne downconversion to allow low sample rate mea-
surements of the signal within a ∼ 60 kHz bandwidth
of both the 1Ω and 2Ω signals. The tunable laser was
scanned across the optical resonance with ≈ 3.6 s of high
frequency transmission data recorded for each detuning,
while calibrating laser drive frequency with an external
wavelength meter. The power spectral densities (PSDs)
[34] of the 1Ω and 2Ω signals were estimated from Fourier
transforming the time series data [35].
The signals at 1Ω and 2Ω were measured by integrating
across the measured PSD bandwidth and subtracting the
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FIG. 4. Dependence of the (a) 2Ω and (b) optical spring
effect signals on the second order optomechanical coupling,
G2. Here G2 transfers spectral weight between detunings.
contribution from the noise floor. The spectrally white
off-resonance noise floor was detuning dependent, and
extracted across both the 1Ω and 2Ω signals. The 1Ω
PSD was fit with a damped harmonic oscillator spectrum
[34], extracting values for Ωeff (Fig. 1d) and Γ (Fig. 5a)
at each detuning.
The power going into the optomechanical cavity, 540
µW, was calibrated by measuring the laser power before
the tapered fiber with a power meter. The tapered fiber
was measured to have near 100% transmission when not
coupling, and scattering losses of 36% from touching the
optical microdisk. These losses gave excellent agreement
to the photodetector’s received power and were used to
determine s = 2.8× 1015 photons per second
A nonlinear least squares fit was performed simulta-
neously to all four datasets presented in Fig. 3, that is,
the three parts of the optomechanical transfer function
– DC optical resonance, mechanical signal at 1Ω and at
2Ω – as well as the optical spring effect. From the fit
the following parameters were extracted: κ = 5.82±0.02
GHz, κe = 0.42±0.01 GHz, δnlκ = 5.2±0.6 kHz/photon,
G1 = 458± 2 MHz/nm, G2 = −1.0± 0.6 MHz/nm2, and
Ω0/2pi = 6015.3±0.3 kHz. Errors are standard deviations
estimated from the fit covariance. The least squares algo-
rithm used is only guaranteed to have found a local min-
imum, however it provides representative numbers and
is in reasonable agreement with a previous independent
calculation of G1 [29].
In the present device the signal at 2Ω is dominated
by the contribution to the optomechanical transfer func-
tion from the curvature of the optical resonance, that
is the term proportional to c2G
2
1/κ
2. While this signal
is a measurement of x2, it is not appropriate for a QND
measurement as the optical resonator continuously intro-
duces back action into the phase, creating uncertainty in
xˆ at future times. Only the contribution from G2 is per-
tinent to a QND measurement of the energy, and in order
to elucidate this we show in Fig. 4 the 2Ω signal and the
optical spring effect data with varying G2 while keeping
all other parameters fixed. It is interesting to note that
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FIG. 5. Dynamical effects on the mechanical resonator from
the optical cavity. (a) The linewidth of the mechanical res-
onator is damped and then amplified as the optical detuning
is varied from negative (red detuning) to positive (blue detun-
ing). Curve is the theoretical mechanical linewdith [30] using
the parameters derived from the nonlinear least squares fit.
(b) The corresponding power spectral densities at three de-
tunings. The colors of the data correspond to the stars in
panel (a), and are 349 K (red), 297 K (green) and 254 K
(blue) [37].
while the sign of G1 is irrelevant, the sign of G2 is im-
portant. Specifically, moving from negative to positive
values of G2 shifts spectral weight as a function of de-
tuning.
We note that our optomechanical coupling constants
G1 and G2 correspond respectively to a single photon to
single phonon coupling rate (G1xzpf) of 35 kHz, and a
single photon to two phonon coupling rate |G2x2zpf | of 6
mHz, where xzpf =
√
h¯/2mΩ0 = 76.2 fm. We expect
that the single photon - two phonon coupling rate should
be larger than Γ (∼ 1.44 kHz) to make a continuous
measurement of the quantized energy states before deco-
herence – not satisfied with the present device, although
measurements of phonon shot noise may be possible with
weaker coupling [36].
Finally, our stationary regime model does not account
for dynamical backaction to the mechanical spectrum,
as the optical resonance is always in its steady state.
Nonetheless, backaction from light-induced forces in the
sideband unresolved regime is expected [30, 37]. Analy-
sis of the mechanical linewidth as a function of detuning
from the 1Ω signal (from Fig. 1c) reveals non-negligible
optomechanical damping and amplification, presented in
Fig. 5. The theoretical curve for optomechanical damp-
ing, using the fit parameters determined in Fig. 3, is given
in Fig. 5 with reasonable agreement [30, 37]. As a result
the mechanical mode is heated (cooled) from 297 K to
349 K (254 K).
Motivated by the search for experimentally realizable
approaches to QND measurements of a nanomechani-
cal resonator’s energy, we have developed a method to
separate nonlinear transduction of first order optome-
chanical coupling from second order optomechanical cou-
pling. Both transduction mechanisms give rise to fre-
quency doubling in the mechanical spectrum, however
the detuning dependence in both the 2Ω power spectrum
and the optomechanical spring effect allow determina-
tion of the optomechanical coupling constants. Fitting
our experimental data to these models reveals a second
order coupling, G2, of MHz/nm
2. Enhancing this second
order coupling, and eliminating the first order optome-
chanical coupling, through fabricating a fully symmetric
device in both mechanical motion and evanescent opti-
cal field, should provide an approach to QND measure-
ments of phonon number, as well as exotic phenomena
such as quantum superpositions of nanomechanical res-
onators [38].
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